This paper concentrates on the robust control and maximal bound analysis of uncertainty for the LTI fractional order system (FOS), which is subjected to poly-topic and H -infinity bounded uncertainties with 0 < α < 1. Firstly, two problems including robust stability analysis and stabilization are investigated. Subsequently, the method of how to determine the maximal uncertainty bound of such system is discussed, and the corresponding linear state feedback stabilizing controller is obtained together. The conditions in terms of linear matrix inequalities (LMI) for these problems mentioned above are concluded as four theorems. Finally, the advantage of the proposed methods is illustrated by two numerical examples.
I. INTRODUCTION
Recently, researchers have found that the dynamical behavior of many physical systems in real world could be described with the fractional calculus more completely and elegantly [1] , such as biological systems, viscoelastic systems, economic systems, electrochemistry, and chaos [2] - [4] . All of these systems exhibit hereditary properties and long memory transients. In fact, with the success in the implementation of fractional order circuits [5] - [7] , fractional calculus is not only widely used in the field of dynamic modelling, but also in the field of controller design [8] .
Stability and stabilization are the most essential and important issues for control systems. Many researchers have investigated these problems for FOS [9] - [15] . Compared to integer order system, the characteristic polynomial of FOS is not standard, but a quasi-polynomial with the power term of the complex variable s [11] . For linear FOS, there are no polynomial techniques, either Routh or Jury type to analyze the stability of FOS. The geometrical techniques of complex analysis based on the Cauchy's argument principle can be applied [1] . They are techniques that inform about the number of singularities of the function within a rectifiable curve by The associate editor coordinating the review of this manuscript and approving it for publication was Shuping He . observing the evolution of the function's argument through this curve. And for nonlinear FOS, the Lyapunov method is widely used. In [12] , how to construct the Lyapunov function for the stability analysis is studied.
The control theorist Roger Brockett said that ''if there is no uncertainty in the system, the control, or the environment, then feedback control is largely unnecessary'' [16] . Uncertainty is an important and unavoidable property of most physical plants [17] - [18] . Recently, the robust stability and stabilization problems for the uncertain FOS have received an increasing attention. There are mainly two methods to check the stability of system with uncertainty. One is the graphical method [19] - [21] based on the zero exclusion principle. It plots the value set of the characteristic function at each frequency and then checks whether zero is excluded by the value set. The advantage of graphical method is that it can present necessary and sufficient conditions for the stabilization of some certain types of FOS, but it is only suitable for SISO uncertain system [21] . And the other method is based on LMI [22] - [25] . A nice feature of LMI is its ability to accommodate uncertainty in a relatively straight forward manner. Also due to the convexity, it can be solved in MATLAB directly, has been widely used.
And the uncertainties considered are in many forms. In [26] , the poly-topic sets are used to describe the uncertainty, VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ and an LMI-based sufficient condition is given for stability analysis and controller design. In [27] , a method rejects disturbance and handles uncertainty simultaneously is presented, and the uncertainty is described with its H 2 norm. In [28] , the robust stability of FOS with interval uncertainty is considered, and there is deterministic linear coupling relationship between fractional order and other model parameter.
In [29] , [30] , the necessary and sufficient conditions for the stability and stabilization of FOS with interval uncertainty are presented based on LMI, for the 1 < α < 2 case and 0 < α < 1 case, respectively. In [31] , poly-topic and interval uncertainties are considered simultaneously. In [32] , the problems of stability and stabilization for FOS subjected to poly-topic and H 2 norm bounded uncertainties are investigated. In [33] , the robust stability bound problem of uncertain FOS is considered, and the system is subject to norm bounded uncertainty. From the above research, it is clearly that only one type of uncertainty is considered in most studies, however, poly-topic and interval uncertainties, ploy-topic and H 2 norm bounded uncertainties are considered simultaneously in [31] and [32] , respectively. This manner generalizes the scope of uncertainty and covers larger number of FOS. From another viewpoint, the purpose of the most study is to analyze the effects of different kinds of uncertainties on system stability [16] - [32] . However, how to determine the maximal bound of uncertainties to guarantee the stability is much more useful in practice, this problem is only studied in [33] .
With the above motivation, this paper will investigate the relationship between two kinds of uncertainties and the stability of FOS, including forward analysis, such as stability test, stabilizing controller design; and reverse analysis, such as the determination of maximal uncertainty bound for stability.
The rest of the paper is organized as follows: definitions about fractional order preliminaries are presented in Section 2. Then several sufficient conditions that ensure stability and stabilization are derived. Also the maximal robust uncertainty bound is obtained in Section 3. To verify the effectiveness of the methods, typical numerical simulation results are provided in Section 4. Finally, some conclusions are drawn in Section 5.
Notations: Throughout this paper, X T , X and X * are the transpose, conjugate and the transpose conjugate of X ,respectively. Sym{X } denotes the expressionX * +X , X ∞ is the H -infinity norm of X , R n is the set of n dimensional Euclidean space, R n×n and C n×n are the set of n × n real matrices and complex matrices, respectively. I n is the identity matrix of order n, · denotes the symmetric structure in matrix.
II. PROBLEM STATEMENT AND PRELIMINARIES
Consider the following uncertain LTI-FOS:
where D α is the fractional differentiation operator of order α. The Caputo definition is adopted for fractional derivatives, as the Laplace transform of the Caputo derivative allows utilization of initial values. Here, this paper focuses on the problem in which α is a real number lying in (0, 1). x(t) ∈ R n and u(t) ∈ R m are the system state and control input vectors, respectively. A(γ ) ∈ R n×n and B(γ ) ∈ R n×m are system and input matrices, and are located inside convex poly-topic sets as follows:
where γ i (i = 1, 2, · · · N ) is time invariant uncertainty and
The H -infinity uncertainties included in the vertices A i , B i are represented as following:
whereÂ i andB i are known matrices. They represent the values of the system and input at nominal working point, respectively. A i and B i are unknown matrices representing the additive uncertainty part of system matrix and input matrix, respectively. F ik 1 and F ik 2 are known real constant matrices. σ ik 1 and σ ik 2 are unknown uncertain parameters which satisfy the following equation:
And some important lemmas are presented for the derivation of the results next.
Lemma 1 [34] :
is asymptotically stable if and only if |arg (spec (A))| > α π 2 , where spec (A) is the spectrum of all eigenvalues of A, arg() is the argument function.
Lemma 2 [35] : Let A ∈ R n×n , 0 < α < 1 and θ = (1 − α)π/2. D α x(t) = Ax(t) is asymptotically stable if and only if there exists a positive definite Hermitian matrix X = X * , X ∈ C n×n , such that the following equation holds:
Lemma 3 [35] : For two arbitrary matrices X , Y with appropriate dimension, a definite symmetric matrix of appropriate dimensionβ > 0 always fulfills the following inequality: [36] (Schur Lemma): For a real matrix = T , the following conditions are equivalent:
III. MAIN RESULTS

A. ROBUST STABILITY ANALYSIS
The following uncertain model with poly-topic and H -infinity bounded uncertainties is considered in the context of robustness analysis with u(t) = 0.
Theorem 1: The LTI-FOS (7) is asymptotically stable if there exist matrices X j = X T j > 0, X j ∈ C n×n and χ ijk 1 > 0 for all i, j = 1, 2, · · · N ; k 1 = 1, . . . m such that (8) , shown at the bottom of this page, holds.
Proof: It follows from Lemma 2 that (7) is asymptotically stable if there exist positive definite Hermitian matrices X j = X T j > 0, X j ∈ C n×n , for all i, j = 1, 2, · · · N , such that
Based on Lemma 3, and considering that σ ik 1 ∞ ≤ σ 1 max (i = 1, 2, · · · N ; k 1 = 1, 2, · · · m), there exist χ iik 1 , χ ijk 1 and χ jik 1 , such that
It follows from inequalities (10)-(12) that inequality (9) 
It follows from inequality (13) that it holds if
Sym
By the Lemma 4, inequalities (14)-(16) are equivalent to (17) , as shown at the bottom of this page.
According to Lemma 2, the robust stability of the system is proved.
B. ROBUST STABILIZATION OF FRACTIONAL-ORDER UNCERTAIN LINEAR SYSTEMS
In this section, the state feedback control for LTI-FOS is considered. That is
where
Based on Theorem 1, the following result allows designing a state feedback controller.
Theorem 2: The LTI-FOS (18) is asymptotically stabilizable by a state feedback controller u(t) = Kx(t) if there exist matrices X j = X T j > 0, X j ∈ C n×n , R j ∈ R m×n and χ ijk 1 > 0, ijk 2 > 0 for all i, j = 1, 2, · · · N ; k 1 = 1, . . . m; k 2 = m + 1, . . . l, such that (19) , shown at the top of the next page, holds.
And the state feedback controller gain matrix is determined as
Proof: Based on Lemma 2, to stabilize system (18) , the condition is equivalent to
As σ ik 1 ∞ ≤ σ 1 max (i = 1, 2, · · · N ; k 1 = 1, 2, · · · m), using Lemma 3, there exist χ iik 1 , χ ijk 1 and χ jik 1 , such that
Also, as σ ik2 ∞ ≤ σ 2 max (i = 1, 2, · · · N ; k 2 = m + 1, · · · l), there exist iik 2 , ijk 2 and jik 2 , such that
Substituting (22)-(27) into (21), the following inequality is obtained:
It follows from inequality (28) that it holds if
Using Lemma 4, for all i, j = 1, 2, · · · N , inequalities (29)-(31) are equivalent to (32) , as shown at the bottom of this page.
The inequality (32) is equivalent to (19) . This ends the proof.
C. ROBUST STABILITY BOUND ANALYSIS
From Theorem 1 and Theorem 2, it is obviously that for a specific system, the stability and stabilization are both affected by the bounds of uncertainties. So from the system stability viewpoint, how to determine the uncertainty bound is an important topic. In this section, the question can be cast into a generalized eigenvalue minimization problem (GEVP). By introducing matrixP ij , Theorem 1 can be written as equation (33)- (34) , as shown at the top of the next page, where P ij = diag P 1 ij P 2 ij · · · P m ij . Theorem 3: Suppose system (7) is stable, the uncertain bound should be determined by the following GEVP I: Find X j , χ ijk 1 , P ij (i, j = 1, 2, · · · N , k 1 = 1, 2 · · · m) (34) Similar to Theorem 3, the uncertain bound while stabilizing can be determined with the following theorem:
Theorem 4: For (18), suppose σ 1 max = σ 2 max = σ max , and the system is asymptotically stabilized by a state feedback controller u(t) = Kx(t). Introduce
to determine the maximal bound with the following GEVP II: (35) and (36) , as shown at the top of the next page, where
And the controller gain matrix is determined as
Then the closed loop system is asymptotically stabilized for any uncertainty within the bound σ max .
IV. NNUMERICAL EXAMPLES
To illustrate the proposed theoretical results for LTI-FOS with poly-topic and H -infinity bounded uncertainties, two numerical examples are given in this section. As the fractional order differential does not allow direct implementation for simulation, the following simulations are performed using the modified Oustaloup approximation approach proposed in [1] . The stability and bounds of uncertainties are investigated in the first example, and the state feedback controller is designed in the second example. If there is no uncertainty, the initial eigenvalues of the system are (−2.1957, 0) and (−0.3543, 0), both of them are in the stable region. As the existence of poly-topic and H -infinity bounded uncertainties, γ 1 , γ 2 and σ ik 1 , σ ik 2 are unknown parameters. First of all, randomly select the values of these parameters. With their different values, the possible location of eigenvalues is plotted in Fig.1 , which shows that some of them locate the unstable region. And as γ 1 + γ 2 = 1, the eigenvalues of the uncertain system are all distributed in a straight line.
From Fig.1 , it is clearly that with the increasing of maximal uncertainty bound σ 1 max , the influence of the uncertain factors increases. And some eigenvalues will fall in the unstable region. That is consistent with Theorem 1.
Next, suppose σ 1 max = 0.05, according to Theorem 1, using LMI toolbox provided by MATLAB to solve the equation, a feasible solution is obtained It shows that the corresponding FOS is asymptotically stable. Suppose the initial state x 1initial = x 2initial = 0.01, and randomly select γ 1 = 0.45, γ 2 = 0.55, the time response is described in Fig.2 , which shows that x(t) asymptotically converges to zero. Also, we can calculate the eigen-values of the system, (−2.1080, 0) and (−0.3506, 0) are obtained, which are both in the stable region. This also verifies the theoretical results.
Two types of uncertainties are considered here, which are poly-topic uncertainty and H -infinity bounded uncertainty, respectively. From Theorem 1, whether the system is asymptotically stable is determined by the maximal bound of H -infinity uncertainty only, no relation with the poly-topic uncertainty. And according to Theorem 2, the parameter of poly-topic uncertainty is a key factor to determine the gain of state feedback controller. In order to investigate the effect of H -infinity bounded uncertainty on stability, the stability analysis corresponding to different maximal H -infinity bound is displayed in following: From Fig.3 , it can be seen that the robust stability is related to the maximal uncertainty bound σ 1 max . With the increasing of the bound, it becomes more difficult to guarantee the stability for the system. And when the bound reaches 0.35, the state x(t) diverges and the system becomes unstable. Fig.3 shows that the maximal bound is between 0.3 and 0.35, but it is impossible to determine the exact value of the bound. Solve the corresponding GEVP I based on Theorem 3.3, and 1 σ 2 1 max = 10.3457 can be obtained, which means that the maximal uncertainty bound σ 1 max is 0.3109. This is consistent with Fig. 3 .
Example 2: Consider the stabilization and maximal uncertainty bound determination for the LTI-FOS with the following parameters: 
Here, the parameters of poly-topic uncertainty and H -infinity bounded uncertainty are all unknown. Randomly select the values of these parameters, and solve the corresponding equation using LMI toolbox, there is no solution satisfying the inequality. It means that the system is not asymptotically stable.
Then randomly select σ 1 max = σ 2 max = 0.05, and γ 1 = 0.45, γ 2 = 0.55, the time response is plotted in Fig.4 , which shows that x(t) is not convergent. Also, based on the distribution of the eigenvalues in the complex plane, one eigenvalue locates unstable region as shown in Fig.5 . It is certain that this system is unstable with u(t) = 0. To stabilize the system, a state feedback controller is designed, and the controller gain K = −1.4643 −0.9029 −1.6699 can be obtained via Theorem 3.2. The time response is plotted in Fig. 6 , which shows that the system is stabilized Next, the bound of uncertainty while stabilizing will be considered based on Theorem 4. By solving the corresponding GEVP, σ max = 0.3766 is obtained.
Suppose the parameters of SS − II are the same with the parameters of SS − I , then Theorem 4 will be equivalent to Theorem 3 in [33] . In this situation, the corresponding GEVP will convert to two equivalent separate GEVP for subsystem SS − I and subsystem SS − II , respectively. The separate GEVP can be solved for each subsystem, and σ max = 0.4915 is obtained, with the same result in [33] . The validity of the theorem is illustrated from another point of view.
V. CONCLUSION
This paper has solved the robust stabilization and maximal uncertainty bound determination problem for the LTI-FOS with two types of uncertainties, which are poly-topic and H -infinity bounded uncertainties. Firstly, the sufficient conditions for the asymptotical stability of such system have been derived. Secondly, the corresponding state feedback stabilizing controller has been designed. And lastly, how to determine the maximal bound of the uncertainty has been discussed. All these results are expressed in the terms of LMI and convenient to be used. Simulation results have demonstrated the effectiveness of the proposed approach. In the future, the relation between some more complex uncertainties with the stability will be considered.
